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Abstract. We give a criterion for an HNN extension of a finite p-group to be 
residually p. 



1. Statement of the Main Results 

By an HNN pair we mean a pair (G, ip) where G is a group and ip: A B is slu 
isomorphism between subgroups A and B of G. Given such an HNN pair (G, (p) 
we consider the corresponding HNN extension 

G* = (G, 1 1 t-^at = tp{a), a e A) 

of G, which we denote, by shght abuse of notation, as G* = {G,t \ t^^At ~ Lp{A)). 
Throughout this paper we fix a prime number p, and by a p-group we mean a finite 
group of p-power order. We are interested in the question under which conditions 
an HNN extension of a p-group is residually a p-group. (HNN extensions of finite 
groups are always residually finite [BT78, Co77].) Recall that given a property V of 
groups, a group G is said to be residually V if for any non-trivial g ^ G there exists 
a morphism a: G — ?> P to a group P with property V such that a{g) is non-trivial. 

Given HNN pairs (G,(p) and {G',(p'), a group morphism a: G — >■ G' is a mor- 
phism of HNN pairs if a{A) C A' , a{B) C B' , and the diagram 




commutes. (When talking about an HNN pair (G, (/?), we always denote the domain 
and codomain of 1^9 by A respectively B, possibly with decorations.) A morphism 
a: {G,ip) {G',(p') of HNN pairs is called an embedding of HNN pairs if a is 
injective. Given a group G and g G G we denote the conjugation automorphism 
X I— >■ g~^xg of G by Cg. 

There is a well-known criterion for HNN extensions to be residually p: 

Lemma 1.1. Let {G,ip) be an HNN pair, where G is a p-group. Then the following 
are equivalent: 

(1) the group G* — (G, t \ t^^At = ^(A)) is residually p; 

(2) there exists a p-group X and an automorphism ^ of X of p-power order 
such that (G, <p) embeds into (X, 7); 

(3) there exists a p-group Y and y such that (G, Lp) embeds into (Y, Cy). 
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Proof. For a proof of the equivalence of (1) and (3) we refer to [RV91, Proposition 1] . 
Clearly (3) implies (2). On the other hand, let X be a p-group and 7 £ Aut{X) such 
that (G, ip) embeds into (X, 7), and suppose 7 has order p'^. Let Y = Z/p''Z k X 
where 1 e Z/p''Z acts on X on the right via 7, and let y = (1, 1) G Z/p'^Z k X. 
Then {G,(fi) embeds into {Y,Cy). □ 

Example. Suppose A = B = G, i.e., G* = {t) x G where t acts on G on the right 
via If. Then G* is residually p if and only if the automorphism ip oi G has order a 

power of p. 

Let G be a group. We say that a finite sequence G = (Gi, . . . , G„) of normal 
subgroups of G with 

G = Gi 2 G2 2 • • • 2 Gn = {1} 

is a filtration of G. Given such a filtration G of G we set Gi := {1} for i > n. We say 
that G is central if Gi/Gi+i is central in G/Gj+i for each z. Recall that the lower 
central series of G is the sequence (7i(G)),:>i defined inductively by 71(G) = G 
and 7,:+i(G) = [G, 7i(G)] for i > 1. By definition G is nilpotent if and only if 
7„(G) = {1} for some n > 1. In that case, taking n minimal such that 7n(G) = {!}, 
we obtain a central filtration 7(G) = (71(G), . . . ,7„(G)) of G. In fact, G admits a 
central filtration if and only if G is nilpotent. 

A filtration of a group G is called a chief filtration of G if the filtration cannot be 
refined non-trivially to another filtration of G. It is well-known that a filtration (G,) 
of a p-group is a chief filtration if and only if all its non-trivial factors Gj/Gj+i are 
of order p. Note that a chief filtration of a p-group is necessarily a central filtration, 
since Z/pZ has no non-trivial automorphism of p-power order. 

We say that an HNN pair (G, (p) and a filtration (Gj) of G as above are compatible 
if ip restricts to an isomorphism AnGj — >■ BnGj, for each i. We recall the following 
theorem, which gives an intrinsic criterion for an HNN extension of a p-group to be 
residually p. This theorem was shown in [Ch94, Lemma 1.2] (and later rediscovered 
in [Mo07]); it can be viewed as a version for HNN extensions of Higman's theorem 
[Hig64] , which gives a criterion for an amalgamated product of two p-groups to be 
residually p. 

Theorem 1.2. Let {G,(p) be an HNN pair, where G is a p-group. Then the fol- 
lowing are equivalent: 

(1) the group G* = {G,t\ t~^At = <p{A)) is residually p; 

(2) there exists a chief filtration (Gi, . . . , G„) o/G, compatible with (G, (p), such 
that ip{a) = a mod G^+i for all i and a E ACl Gi. 

The objective of this paper is to give an alternative criterion for G* to be residu- 
ally p, employing a certain group H{G, (p>) associated to every HNN pair (G, tp), and 
defined as follows: set Hq = AoB and inductively ff^+i = Lp~^ {Hi)r]Hir\(p{Hi) and 
put H{G,(p) := f\iHi. Note that restricts to an automorphism of H{G,(p); in 
fact H{G, ip) is the largest subgroup of G which gets mapped onto itself by ip. The 
group H{G, (f) was introduced by Raptis and Varsos in [RV89, RV91]. It had been 
previously employed in [Hic81], and a slight variant (the largest normal subgroup 
of G mapped onto itself by (f) also occurs in [Ba93, Section 1.26]. We propose to 
call H{G, (f) the core of (G, (p). Indeed, H{G, (p) is the core with respect to {t) of G 
construed as a subgroup of G*, i.e., H{G, ip) = Pligz t~^Gf; so if G is abehan, then 
H{G, (fi) is indeed the core of G in G* (the largest normal subgroup of G* contained 
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in G). See Lemma 2.1, where we give other descriptions of the core of (G, (p) which 
are oftentimes useful. Note that if a: {G,(p) — >■ {G',(fi') is an embedding of HNN 
pairs, then a{H{G,ip)) < H{G',ip'). 

If (Gj) is a filtration compatible with the HNN pair {G,ip), then for any i < j 
the morphism (p induces an isomorphism 

{A n Gi)Gj/Gj -^{Bn Gi)Gj/Gj, 

which we denote by (pij. For a G An Gi, the conjugation automorphism Ca of G 
induces an automorphism of {Af\Gi)Gj/Gj which we continue to denote by Ca, and 
similarly for Cb with b € BCiGi. We can now formulate our first result, which gives 
an obstruction to an HNN extension of a p-group being residually p. The statement 
of the proposition is inspired by the ideas of [RV91]. For the rest of this section we 
fix an HNN pair {G, (p) where G is a p-group, and we let G* = {G, t \ t~^At = ip{A)) . 

Proposition 1.3. If G* is residually p, then there exists a central filtration G = 

(Gi) of G, compatible with {G,(p), such that for any i < j, any a € A H Gi and 
any b G B n Gi the order of the automorphism of H{Gi/Gj,Cb o ip^j o Ca) induced 
by Cb o ifij oca is a power of p. 

In [RV91, Theorem 13] it is claimed that the following strong converse to Propo- 
sition 1.3 holds: If there exists a central filtration ofG, compatible with {G,ip), and 
if the order of the automorphism of H{G,ip) induced by ip is a power ofp, then the 
HNN extension G* of G is residually p. In Section 4 we show that this statement is 
incorrect; in fact, we give two counterexamples to [RV91, Theorem 13], highlighting 
the role of a and b and the importance of the filtration G in Proposition 1.3. 

Our main theorem is the following converse to Proposition 1.3. 

Theorem 1.4. Suppose there exists a central filtration G = {Gi) of G, compatible 
with (G, (fi), such that for any i the order of the automorphism of H{Gi/Gi+i,(pi^i+-i) 
induced by ^Pi^i+i is a power ofp. Then G* is residually p. 

Note that for a chief filtration G of G, the statement of Theorem 1.4 is equivalent 
to the implication (2) (1) in Theorem 1.2. 

For every filtration (Gj) of G compatible with (G, (p) and any i, the group 
H{Gi/Gi+i,ipi^i+i) is a subgroup of H{G/Gi+i,(pi+i); here ipi is the isomorphism 
AGi/Gi — )• BGi/Gi induced by ip. We therefore get the following corollary. 

Corollary 1.5. Assume that there exists a central filtration (Gi) ofG, compatible 
with {G,ip), such that for any i the order of the automorphism of H{G/Gi,ipi) 
induced by ipi is a power ofp. Then G* is residually p. 

Conventions. All groups are finitely generated. By a p-group we mean a finite 
group of p-power order. The identity element of a multiplicatively written group is 

denoted by 1. 

Acknowledgment. We would like to thank the anonymous referee for many help- 
ful suggestions. 

2. Preliminaries on the Core of an HNN Pair 

In this section, we let (G, (p) be an HNN pair with corresponding HNN extension 
G* of G. For g G G and n e N we say that (^"(ff) is defined if g is in the domain of 
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the n-fold compositional iterate of y thought of as a partially defined map G — )• G, 
and similarly we say that ip~"{g) is defined if g is in the domain of the n-fold iterate 
of ip~^. We first prove: 

Lemma 2.1. The group H = H{G,ip) is the largest subgroup of G such that 

(p{H) = H, and as subgroups of G* , 

(2.1) ^ = n 

Moreover, 

(2.2) H = {geG: ip>{g) is defined for all j G Z}. 

If A is finite, then there exists an integer r > such that for any s >r we have 

(2.3) H = {gGG: ip\g) is defined /or j = 0, . . . , s}. 

Proof. Recall that we introduced H = f\^Hi as the intersection of the inductively 
defined descending sequence of subgroups 

AnB = Ho2HiD---DHiD Hi+i = ip-\Hi) nHiH (p{Hi) D • • ■ 

of G. Clearly ip{Hi+i) C (p[ip~^{Hi)) = Hi for each i, hence (p{H) C (p{f]i -ffi+i) C 
H; similarly, ip~^{H) C H, hence ip{H) = H. Moreover, given any H' < G with 
(p{H') = H' , an easy induction on i shows that H' C Hi for all i, so iJ' C ff. To 
prove (2.1) and (2.2) we show, by induction on i: 

(2.4) Hi= f] t-^Gt^ = {geG: if' {g) is defined for all j with \j\ < i + 1}. 

For i = note that the Normal Form Theorem for HNN extensions [Ro95, Theo- 
rem 11.83] yields G n tGt^^ = A = tBt-^, hence 

t-'^Gt n G n tGt-^ = AnB = Ho. 

Moreover, given g € G, clearly both Lp{g) and ip^^{g) are defined precisely if g S 
An B. Now suppose (2.4) has been shown for some i > 0. Since Hi C- AO B we 
have 

Hi+i = (p{Hi) nHif] ip-^{Hi) = t-^Hit nHiH tHit'^ = f] t'^Gt^ 

\j\<i+i 

where wc used the indiictivc hypothesis for the last equality. Now let g G G. Then 
g e -ffi+i if and only if ip{g),g,ip'^{g) € Hi. By the inductive hypothesis, this in 
turn is equivalent to (^^(5) being defined for all j with |j| <i + l. 
For i > we now define 

H'i = {g&G: ip> (g) is defined for j = 0, . . . , i} 

and set H' := f]^ H[. Then clearly H C H' and (p{H') C H'. Suppose A is finite; 
then there is an integer r > with H' = H'^ = -f^r+i = • • • • To show (2.3) we prove 
that ^{H') = H' (which yields H = H' hy the first part of the lemma). Let g G H'. 
Since A is finite, there exist fc > and I > such that </?'^+'(g) = f^ig). Since ip 
is injective, f\g) = g, hence <f~^{g) = ip''~^{g) exists, and clearly (p~^{g) G H'. 
Hence ip~'^{H') C H' and thus ip{H') = H' as required. □ 
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The main difficulty in dealing with the core of (G, (p) is that it does not behave 
well under taking quotients. For example, if H{G, (p) is trivial, and if K < G such 
that ip{Ar\K) = BCiK and ^: AK/K — > BK/K is the isomorphism induced by 
then it is not true in general that H{G/ K,Tp) is trivial. A non-abelian example of 
this phenomenon is given in Section 4.2. But this can even happen in the abelian 
case: 

Example. Suppose 

G = ¥l, A= {(ai,a2,0) :a, eFp}, B = {{bi,QM) ■ h . 

Then A n i? = {(c, 0, 0) : c G Fp}. Let x,y,z S ¥p with x,z ^ 0, and suppose is 
the isomorphism A ^ B given by 

ifi{ai,a2,0) = {xai,0,yai + za^). 

If y ^ 0, then ^{A n B) n n B) = 0, in particular U{G, ip) = 0. Now let 

K={{Q,ki,k2):ki,k2&^p]- 
Then ip{Ar]K) = BnK, but H{G/K,Tp) is non-trivial, in fact it equals G/K ^ Fp 
and the automorphism induced by p is multiplication by x. 

A very similar example shows that the proof of [RV91, Lemma 6] does not work 
in general: 

Example. Suppose 

C? = F^, A = {(ai,a2,a3,0):ai GFp}, B = {(61,0,62,63) : 6^ e Fp}, 

so Ar\B = {(ci, 0, C2, 0) : Ci e Fp}. Let a,b,c € Fp with a ^ 0, and suppose (p is 
the isomorphism A B given by 

(^(01,02,03,0) = (aai,0,6ai + a2,cai + 03). 

If c 7^ 0, then H = 0, and for x = (0, 0, 1, 0) G ^ n B we have = {(0, ^1,^2,^3) : 
di G Fp} (employing the notation of [RV91]), but H{G/ Lx,p) ^ 0, contrary to 
what is assumed in the inductive step in the proof of [RV91, Lemma 6]. 

3. Obstructions to HNN Extensions Being Residually p 

Before we give the proof of Proposition 1.3 we prove the following lemma. Again, 

we let (G, p) be an HNN pair. 

Lemma 3.1. Let Y be a group, y ^Y, and a: {G,ip) iX^'^y) ^''^ embedding of 
HNN pairs. 

(1) If Y is a p-group, then the order of the restriction of ip to H{G,(p) is a 
power of p. 

(2) Let a € A, b € B; then a is an embedding (G, o o Ca) — >■ {Y, Cayb)- 

Proof. For the first statement write H = H{G, cp) and identify G with a{G) < Y. 
Then p\h = Cj,|h, hence the order of (p\h divides the order of y. The second 
statement follows immediately from Cayb = ci, o Cy o c^. □ 

Proof of Proposition 1.3. Suppose G is a p-group and (G, t \ t~^At = p>{A)) is resid- 
ually p. By Lemma 1.1 we can find a p-group Y, y & Y and an embedding 
a: (G, p) (y, Cy) of HNN pairs. We identify G with its image under a. 

Let iYi) be any central filtration of Y , and let G^ = fl G for each i. Evidently 
Gj/Gj+i is central in G/Gj+i for any i. Possibly after renaming we can also achieve 
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that for each i we have Gi+i C d, i.e., G — {d) is a central filtration of G. 
Furthermore note that for any i the following holds: 

^p{A n Gi) = ip{A r\Gf\Yi) = Cy{A n Fj) = B n Fj = B n Gi 

since Yi is normal in Y. This shows that G is compatible with {G,(p). 
Finally let i < j. Then a gives rise to an embedding 

{Gi/Gj,^,j) ^ {G/G„ip,) ^ iY/Y„CyY,) 

of HNN pairs. It follows now from Lemma 3.1 that for any a € ACiGt, b € BCiGi 
the order of the restriction of Cb o ipij o Ca to H{Gi/Gj, ipij) is a power of p. □ 

4. Examples 

In this section we apply Proposition 1.3 to two HNN extensions. The first exam- 
ple highlights the role of a and b in Proposition 1.3, the second one shows the 
importance of the central series. Both arc counterexamples to [RV91, Theorem 13]. 

4.1. The first example. The multiplicative group 

P := {x, y\x^ = y^ = [x, y] = e) 

is naturally isomorphic to the additive group F3 ©F3. We write (x) and {y) for the 
subgroups of P generated by x and y, respectively. We think of elements in the 
group ring W^lP] as polynomials f{x, y) = J2i j=o ^ij^^V^ ^'lih. cocfBcicnts Vij G F3. 
Furthermore f{x) always denotes an element in the subring F3[(x)] of F3[P] and 
similarly f{y) will denote an element in F3[(r/)] C F3[P]. 

Let G = P K F3[P] where P acts on its group ring F3[P] by multiplication. (Here 
P is a multiplicative group and F3[P] is an additive group. Note that G is in fact 
just the wreath product F3 ; P.) Evidently G is a 3-group. For / e FsfP] we have 

C(."^™,o)(l,/(^,2/)) = (x-"y-'",0)(l,/(x,2/))(x"j/™,0) = (1, y)). 

Now consider the subgroups A= (x) F3[(x)] and B = (y) t< F3[(y)] of G, and let 
ip: A — > P be the map given by 

V5(x",/(x)) = (j/",2y-V(y)). 

It is straightforward to verify that (fi is indeed an isomorphism. In fact, if is the 
restriction to A of the automorphism </> of G = P x F3 [P] given by 

Claim. The HNN pair (G, (p) is compatible with the lower central series 7(G) of G. 

The claim follows immediately from the fact that (p is the restriction of an au- 
tomorphism of G, and the fact that the groups in the lower central series are 
characteristic. Indeed, we compute 

v{An^i{G)) = <^(^n7.(G)) = 

= <^(^) n <^(7i(G)) = 0(A) n 7i(G) = P n 7.(G). 

Claim. The subgroup H{G, ip) of G is trivial. 

Indeed, first note that AnB = {(1, v) : v € F3}. But ^5(1, v) = (1, 2y-'^v). This 
shows that {AnB)n ip{A nB) = {1}, hence H{G, cp) = {!}. 

If [RV91, Theorem 13] was correct, then {G,t \ t~^At = p{A)) would have to be 
a group which is residually a 3-group. But the combination of the next claim with 
Proposition 1.3 shows that this is not the case. 
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Claim. Put tp := (p o 0(^^,0) ■ A ^ B. Then H{G, ^) ^ {1}, and the restriction of ij} 
to H{G, ip) has order 2. 

We have 

^-(1, v) = {ipo C(^,o))(l, v) = <<?(1, vx) = (1, 2y~'^vy) = (1, 2v). 

This shows that ip induces an automorphism of A Cl and the automorphism 
has order 2. It follows immediately that H{G,ip) = {{l^v) : v € ¥3} and that ^ 
restricted to H{G, ip) has order 2. 

4.2. The second example. In the following we write elements of F3 ® F3 ® F3 as 
column vectors. The automorphism of F3 ® F3 ® F3 given by the matrix 

/O 1 0^ 
X := 1 

clearly descends to an automorphism of 

V:= (F3eF3eF3)/{(a,a,a)* :aeF3}. 

In the rest of this section a column vector in F3 © F3 F3 will always stand for the 
element in V it represents. Consider the 3-group G := {x\x^) i<V where x acts on 
V on the right via X. Note that given integers m, n and u,v €V we have 

= (a;™,w) • (a;",u) • (x-™,-X-™u) • (a;-",-X-"t;) 
Since for r = 1, 2 we have 

{X'' - id){V) = {{Wi,W2,W3y ■.Wi+W2 + W3 = 0}, 

it follows that 

72(G) = [G,G] = {il,w):w€{X-id){V)} 

= {{1,{W1,W2,W3Y) :Wi+W2 + W3 = 0}. 

A similar calculation shows that 

73(G) = [G, [G, G]] = { (1, (a, a, af) : a G F3} = 0. 

Now let 

and 6 = I 1 \ gVCG. 




Note that a and b represent the same element in G/[G, G]. Let A and B be the 
subgroups of F < G generated by a and b, respectively. Let cp: A ^ B he the 
isomorphism given by (p{a) = 2b. Note that A Ci 72(G) = B n 72(G) = {1}. It 
follows that the HNN pair (G, (p) is compatible with the filtration of G given by 
the lower central series. Finally note that A and B intersect trivially. In particular 
H{G, if) is trivial. 

If [RV91, Theorem 13] was correct, then {G,t\t-^At = tp{A)) would have to 
be a resichially 3-group. The following lemma in conjunction with Proposition 1.3 
shows that this is not the case. 

Lemma 4.1. There exists no central filtration (d) of G, compatible with the HNN 
pair {G,(p), such that for any i the order of the automorphism of H{G/Gi,(pi) 
induced by ipn: AGi/Gi BGi/Gi is a power of 3. 
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Proof. Let G = Gi 2 G2 2 Gs 2 • • • 2 G„ = {1} be a central filtration of G 
compatible with (G, (p). Denote the natural surjection G — >■ G/G, by tt,. Note that 
772 factors through G/[G, G] and therefore 7r2(a) = 772(6). 

First assume that 772(0) / 0. In that case the subgroup 772 (A) of G/G2 is 
isomorphic to F3, and 772(A) = ir^iB). It follows that H{G/G2,ip2) = t^2{A) = 
772(5) = F3. Furthermore, since 772(a) = 772(6) and ip{a) = 2b it follows that the 
automorphism of -ff (G/G2, 1^2) — ^3 induced by ip2 is multiplication by 2, which 
has order 2, hence is not a power of 3. 

Now assume that 772(0.) = 0. In that case we have G 3 G2 2 [G, G] and a G G2. 
Recall that G/[G,G] ^ F§ and a ^ [G,G]. It follows easily that G2 = {1} x F C 
G = (x I x^) K Recall that by the definition of a central series, G2/G3 is central 
in G/G3. In particular we have (1, Xv — v) = [{x~^,0), (1, v)] € G3 for any v gV. 
Also note that G2 3 G3. It now follows immediately that 

G3 = {(1, iwuW2,W3y) ■.Wi+W2+W3 = 0} = [G,G]. 

We have 773(0) = 773(6) ^ 0. We now apply the same argument as above to see 

that H{G/Gs,ips) = F3 and that the order of the automorphism of H(G /G^^Lpz) 
induced by 1^3 is not a power of 3. □ 

5. Proof of Theorem 1.4 

In subsection 5.1 we first establish a useful consequence of Theorem 1.2. In subsec- 
tion 5.2 we then prove some special cases of Theorem 1.4, and we give the proof of 
the general case of this theorem in subsection 5.3. 

5.1. An extension lemma. The following lemma will play a prominent role in 

our proof of Theorem 1.4. 

Lemma 5.1. Let {G,(p) an HNN pair, where G is a p- group. Suppose there exists 
a central filtration G = (Gi) compatible with {G,(p) such that for each i there is 
a p-group Qi containing Li := Gi/Gi+i {the "i-th layer" of the filtration G) as a 
subgroup such that the isomorphism 

A, := {A n G,)G,+i/G,+i B, := {B D G,)G,+i/G,+i 

between subgroups of Li induced by cp is the restriction of an inner automorphism 
of Qi. Then the HNN extension G* = {G, t \ t~^At = ip{A)) of G is residually p. 

Proof. Throughout the proof we write ^pi = (fij+i . (This differs from the use of 
this notation in Section 1.) Note that by Lemma 1.1 and Theorem 1.2 we can take 
for each i a chief filtration {Hn, . . . , Hirm) of Li such that ifi{Ai n Hij) = BiCi Hij 
for any j and such that 

(5.1) fiia) = a mod for all j and a £ Aifl Hij. 

For each i let ni: Gi ^ Gi/Gi+i = Li be the natural epimorphism. We set Gij := 
iT~^{Hij) < Gi. For each i we have Gn = Gi and Gim = Gj+i. 

Claim. For any i, j the subgroup Gij is normal in G. 

Denote by 77 the natural surjection G — ?■ G/G^+i. Note that if we consider 
Li = Gi/Gi^i as a subgroup of G/Gi+i as usual, then 77^ is the restriction of 
77 to Gi, so Gij = TT~^{Hij). It therefore suffices to show that Hij is normal in 
G/Gi+i. But this follows immediately from the fact that Gi/Gi+i lies in the center 
of G/Gi+i. This concludes the proof of the claim. 
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We now get the following filtration of G: 

G = Gil 2 Gl2 2 ■ • ■ 2 Gimi = G2 = G2I 2 ^22 2 ■ • ■ 2 Gnm„ = {I}- 

Evidently each successive non-trivial quotient is isomorphic to Z/pZ, hence the 
above is a chief filtration for G. Finally note that (5.1) implies that 

ip{a) = a mod Gij+i for all i, j and a € ACi Gij. 

Hence the chief filtration satisfies condition (2) in Theorem 1.2, and we conclude 
that the HNN extension G* is residually p. □ 

5.2. Two special cases of Theorem 1.4. The following proposition provides a 
proof of Theorem 1.4 in the case where G is an elementary abelian p- group equipped 
with the trivial filtration and where furthermore H{G, ip) = A D B: 

Proposition 5.2. Let (G, (p) be an HNN pair with G an elementary abelian p- 
group. Suppose that ip{AnB) = AnB, i.e., induces an automorphism of AnB, 

and assume that the order o f this a,utom,orphism is a power of p. Then there exists 
an elementary abelian p-group X and an automorphism, 7 of X of p-power order 
such that (G, ip) embeds into {X, 7). In particular G* = (G, t \ t^^at = (p{a), a € A) 
is residually p. 

Our proof of this proposition is inspired by the proof of Lemma 5 in [RV91]. 
Below we use additive notation for abelian p-groups. 

Proof Choose P<AaiidQ<B such that A={AnB)®Pa,iidB = {AnB)®Q, 
and then S < G such that 

G = A®Q®S = {AnB)®P®Q®S. 

We now let 

X = A(bQ®Qi®---S) Qp-2 © S, 
where each Qi = Q x i is an isomorphic copy of Q. We view G as a subgroup of X 
in the obvious way. Let 7 be the endomorphism of X such that for all x £ X, 

tp{x) li X & A, 

X X 1 if a; e Q, 

7(0;) = \ y X {i + 1) a X = y X i where y E Q, i ~ 1, . . . ,p — 3, 

ip~^{y) ii X = y X {p — 2) where y G Q, 

X ii X G S. 

By construction the restriction of 7 to A = {A Ci B) (B P equals (f. It remains 
to show that 7 is an automorphism of p-powcr order. By assumption (/^l/inB is an 
automorphism oi ACi B of p-power order. Moreover, 7 restricts to an automorphism 
of the subgroup P(BQ(BQi(B- ■ ■(BQp-2 of X having order p, and 7 Is = id. Hence 7 
is an automorphism of X of p-power order. The last statement is now an immediate 
consequence of Lemma 1.1. □ 

We now generalize the above proposition to the case that G is any abelian p- 
group. We will again show that the resulting HNN extension is residually p, but 
our construction will be somewhat less explicit in this case. 

Proposition 5.3. Let (G, 95) be an HNN pair with G an abelian p-group. Suppose 
that tp restricts to an automorphism of ACi B having p-power order. Then G* = 
(G, 1 1 t~^at = <fi{a), a £ A) is residually p. 
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Proof. First take a group embedding l: G ^ H := (TLj-p^lY , for some d and A: > 
(cf. [RV91, p. 172]). Then t is an embedding (G, ^) ^ of HNN pairs, where 

tl) := i,o(^o(,~i : ii^A) — >• After passing from {G,(fi) to {H,ip), we can therefore 

assume that G = 

Given i > we now write Gi := p^~^G. Note that for any subgroup H < G the 
group H CiGi is the characteristic subgroup 

Hr\G^ = {heH : p^~'+^h = 0} 

of H. We thus get an (obviously central) filtration 

G = Gi 2 G2 2 • • ■ 2 Gfe 2 Gu+i = {0} 

of G. Note that Gk — (Z/pZ)'^ and that for each i e {1, . . . , fc} the isomorphism (p 
restricts to an isomorphism between the characteristic subgroups Af]Gi < A and 
B CiGi < B. Put differently, the filtration is compatible with (G, (p). 

Claim. There exists a p-group Y and y €Y such that the HNN pair (Gfe, ifi\AnGk) 
embeds into (Y,Cy). 

We write Ak = APiGk and Bk = BnGk- Then 

(A n B) n Gfc = (yi n Gk) r\{Bn Gk) = n s^, 

and (AnB)nGfc is characteristic in ^nS. Recall that we assumed that (p restricts 
to an automorphism of A n B of p-power order. It now follows easily from the 
above discussion that (p restricts to an automorphism of Ak fl Bk of p-power order. 
Since Gk is an elementary abelian p-group, the claim now follows immediately from 
Proposition 5.2. 

For i G {1, . . . ,k} we now write Li := Gi/Gi+i; then p induces an isomorphism 
Ai := {{A n Gi) + Gi+i)/Gi+i ^ Bi := {{B n Gi) + Gi+i)/Gi+i 
between subgroups of Li. Note also that 

g H> p''~^g: G ^ G 

induces an isomorphism ^ii Li — >■ Gk, giving rise to the following commutative 

diagram 

Ai Bi 
Ak — Bk, 

where the two vertical maps are injective. In other words, $i is an embedding 
of HNN pairs {Li,(pi) — > {Lk,Pk). By the above claim there exists a p-group Y 
and y G Y such that {Lk,Pk) = {Gk,p>\Ak) embeds into {Y,Cy). Hence {Li,pi) 
embeds into {Y, Cy), ioi i = 1, . . . ,k. It now follows from Lemma 5.1 that the HNN 
extension G* of G is residually p. □ 

5.3. The conclusion of the proof of Theorem 1.4. We first formulate another 

interesting special case of Theorem 1.4: 

Theorem 5.4. Let (G, p) be an HNN pair where G is an abelian p-group. Then 
the HNN extension G* = {G,t \ t^^At = <p{A)) of G is residually p if and only if 
the order of the restriction of p> to H{G,p>) is a power of p. 
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Remarks. 

(1) The HNN extension G* of G is Z-linear [MRV08, Corollary 3.5] and hence 

has, for each prime q, a finite-index subgroup which is rcsidually q. In 
particular, G* always has a finite-index subgroup which is residually p. 

(2) This theorem also appears as [RV91, Theorem 8]. The proof in [RV91] relies 
on the erroneous Lemma 6 in [RV91], but the referee informs us that the 
proof of [RV91, Theorem 8] can be fixed. 

Assuming this theorem for a moment, we are now ready to prove Theorem 1.4 
in general: 

Proof of Theorem 1.4- Let {G,ip) be an HNN pair where G is a p-group. Assume 

that there exists a central filtration (Gi) of G compatible with {G,ip), such that 
for any i the order of the automorphism of H(Gi/Gi+i,ipi^i+\) induced by is a 
power of p. By Theorem 5.4 and Lemma 1.1, for each i there is an extension of 
<^i^i+i to an inner automorphism of a p-group containing Gi/Gi+i as a subgroup. 
Now Lemma 5.1 yields that G* is residually p. □ 

For the forward direction in Theorem 5.4 note that if G* is residually p, then so 
is its subgroup (t) K H{G,(p), hence the order of 'p]H(G,ip) is a power of p by the 
example following Lemma 1.1. The remainder of this section will be occupied by 
the proof of the backward direction in Theorem 5.4. Throughout this section let 
{G,(fi) be an HNN pair such that G is an abelian p-group. In light of Lemma 2.1 
there exists an integer r > 1 such that for any s > r and g & G the following holds: 

(5.2) g e H{G, If) ^ ip\g) is defined for i = 0, . . . , .s - 1. 

For the time being let s be any integer such that s > r. Consider the morphism 

(j): G* = {G,t\ t-^At = ip{A)) Z/sZ with 4){t) = 1 and (/>(c/) = for g e G. 

For i G Ij sL we now write 

Gi := G ^ i, Ai := A X i, Bi := B x i, 

and we consider the groups 

K := Go *Ao=Bi Gi *Ai=B2 G2 • • • *y4,_2=B,_i Gg-l 

and 

r:= {K,t\t-^As-it = Bo). 
We now have the following well-known lemma. 

Lemma 5.5. The map 

T ->■ G* 

{g, i) !->■ f'gt~^ for g G G and i = 0, . . . , s — 1, 
t H- t« 

defines an isomorphism onto Kei{^) < G*. 

Proof. Note that the group F can be viewed as the fundamental group of a graph 
of groups based on a circuit of length s. On the other hand G* can be viewed as 
the fundamental group of a graph of groups based on a circuit of length 1. The 
claim now follows from the theory of graphs of groups (see for example [Se80]). 
Alternatively the lemma can also be proved easily using covering space theory. We 
leave the details to the reader. □ 
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We now consider G' := Hi{K;Z). By a Mayer- Vietoris argument (cf. [Se80, 
II. 2. 8]) we obtain an exact sequence 

© ^ ^ H,{K;Z) ^ 

{^■•i) i=0 i=Q 

axi !->• axi ~ (p{a)x{i + 1) 

where the morphism in the middle extends the morphisms Gi = Hi{Gi;Z) 
Hi {K; Z) induced by the natural inclusions Gi — >■ K. 

Lemma 5.6. Let j € Z/sZ. The morphism Gj — >■ Hi{K;Z) is injective. 

Proof. Let a G ©-lo ^i- Write a = aiXi where < ii < ^2 < s - 2 and 

tti G A for i = ?'i,...,?2j with ai-^,ai^ 7^ 0. It is evident that the projections of 
(3{a) to Gi^ respectively Gi^+i are both non-zero (since s > 2). It follows that 
Im^ n Gj = 0. Exactness of (5.3) now yields that Gj — >■ Hi{K; Z) is injective. □ 

Note that G' = Hi{K;Z) is the quotient of an abelian p-group, in particular 
G' itself is an abelian p-group. Since Gj — ?■ G' is injective for any j we can view 
A' := As-i and B' := Bq as subgroups of G' . We denote by (p' the isomorphism 
A' ->■ B' defined by ip, i.e., (fi'{ax{s - 1)) = (p{a)xO for all a e A. 

The following lemma gives in particular a reinterpretation of H{G, ip). 

Lemma 5.7. 

(1) H{G',ip')=A'nB'. 

(2) Let "ii : G ^ Go < G' be the isomorphism given by *(3) = gxO for g & G. 

Then restricts to an isomorphism 

H{G,ip)^H{G',^'), 
and the following diagram commutes: 

H{G,^)—^H{G,^) 



H{G',<p')-^H{G',^'). 

Proof. By the exact sequence (5.3) we have A' (iB' = ^{I) where 

{there exist a G A and at & A, i = 0, . . . ,s — 2, with 
b G B ■ 
bxO - ax{s - 1) = aiXi - ip{ai)x{i + 1) e G, 
i=0 1=0 

Claim. I = H{G,ip). 

Proof of the claim. Let b e H{G, (p). By Lemma 2.1 we know that <^'(6) is defined 
for all i. It is now straightforward to check that ~ <^*(&), i ~ 0, . . . , s — 2 and 
a = ip'^~^{b) (all of which lie in A, since p>^{b) is defined for any i) satisfy 

s-2 s-l 

6x0 - ax(s - 1) = ^ aiXi - (p{ai)x{i + 1) e ^ Gi, 

that is, b £ I. On the other hand assume we have b £ I. Let a & A and aj € A, 
i = 0, . . . , s — 2 as in the definition of 7. We deduce immediately that b = ao, 
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Oi+i = (p{ai) for z = 0, . . . , s — 2 and a — 1^(0^-2)- In particular (p''{b) exists for 
i = 1, . . . , s - 1. But by (5.2) this implies that b e H{G, ip). □ 

Put differently, the above claim shows that ^ gives rise to an isomorphism H := 
H{G,ip) ^ A' nB'. 

Claim. The following diagram commutes: 

H — 

A' n B' B'. 

Proof of the claim. Lot b ^ H. The above discussion shows that ^"(6) = 6 x € B' 

and <^*~^(6) € A x (s — 1) = A' represent the same clement in G' . We now have 

■^{f'ib)) - ^'(b) X = ^'{f'-'ib) X (s - 1)) = e G'. 

This shows that the diagram commutes as claimed. □ 

Now note that t^* defines an automorphism of H, hence (/?' defines an automor- 
phism of A' n B'. This shows that A' n B' = H{G', ip'). This concludes the proof 
of (1). Statement (2) is now an immediate consequence from the above claims. □ 

We finally recall the following fact (cf. [Gr57, Lemma 1.5]): 

Lemma 5.8. Let G be a group and N be a normal subgroup of G. If G/N is a 
p-group and N is residually p, then G is residually p. 

We are now in a position to complete the proof of Theorem 5.4 (and hence, of 
Theorem 1.4). Suppose the order of (p restricted to H{G,(p) is a power of p. We 
continue to use the notations introduced above. Pick k such that p^ > r and set 
s :=p^ . Recall that (f> denotes the morphism 

G* = {G,t\ t-^At = ip{A)) Z/sZ 

with t^l and 5 i-)- for 5 e G. By Lemma 5.8 it suffices to show that F = Ker^ 
is residually p. 

By Lemma 5.7 we have H{G' , tp') = A' r\B' . Furthermore recall that we assumed 
that the order of ^\h{g,<p) is a power of p. We can therefore appeal to Lemma 5.7 
to sec that the order of the automorphism of A' n B' induced by ip' is a power of p. 
Hence by Proposition 5.3 and Lemma 1.1 there exists a p-group X which contains 
G' as a subgroup, and an automorphism a: X ^ X which extends the isomorphism 
ip' : A' ^ B' between subgroups of G", and such that the order of a equals for 
some /. We can therefore form the semidirect product Z/p'Z x X where 1 € Z/p'Z 
acts on X on the right via a. Now consider the composition tjj of the morphisms 

T={K,t\t-'^As-it = Bo)^{G',t\t-'^A't = B') Z/p'Z x X 

t (1,0) 
geG' ^ (0,5). 

By Lemma 5.6 the natural morphism Gj — > G' is injective for any i G Z/p*^Z; hence 
the restriction of to Gi is injective for any i E TLjp^lj. 

We are now finally in a position to prove that F is residually p. Recall that F is 
formed as an HNN extension of the group 

K = Go *Ao=Bi Gi *Ai=B2 G2 • • • *As-2=Bs-i Gs-1- 
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One may think of T as the fundamental group of a graph of groups with vertex 
groups Gi [i e 'L/s'L) and edge groups Ai = Bj+i {i € Z/sZ). By the above the 
map tp: T G' is injective on any vertex group. It now follows from [Se80, II. 2. 6, 
Lemma 8] that Ker(^/') is a free group. Since free groups are residually p and since 
KeT{ip) < r is of p-power index it follows from Lemma 5.8 that F is residually p. 
This concludes the proof of Theorem 5.4. □ 

References 

[Ba93] H. Bass, Covering theory for graphs of groups, J. Pure Appl. Algebra 89 (1993), no. 
1-2, 3-47. 

[BT78] B. Baumslag and M. TretkoflF, Residually finite HNN extensions, Comm. Algebra 6 

(1978), no. 2, 179-194. 

[Ch94] Z. Chatzidakis, Some remarks on profinite HNN extensions, Israel J. Math. 85 (1994), 

no. 1-3, 11-18. 

[Co77] D. E. Cohen, Residual finiteness and Britton's lemma, J. London Math. Soc. (2) 16 
(1977), no. 2, 232-234. 

[Gr57] K. W. Gruenberg, Residual properties of infinite soluble groups, Proc. London Math. 

Soc. 7 (1957), no. 1, 29-62. 
[Hic81] K. K. Hickin, Bounded HNN presentations, J. Algebra 71 (1981), no. 2, 422-434. 
[Hig64] G. Higman, Amalgams of p- groups, J. Algebra 1 (1964), 301-305. 

[MRV08] V. Metaftsis, E. Raptis and D. Varsos, On the linearity of HNN- extensions with abelian 

base groups, preprint (2008). 
[Mo07] D. 1. Moldavanskii, On the residuality a finite p-group of HNN-extensions, preprint 
(2007). 

[RV89] E. Raptis, D. Varsos, Residual properties of HNN-extensions with base group an abelian 
group, J. Pure Appl. Algebra 59 (1989), no. 3, 285-290. 

[RV91] , The residual nilpotence of HNN-extensions with base group a finite or a f.g. 

abelian group, J. Pure Appl. Algebra 76 (1991), no. 2, 167-178. 

[Ro95] J. Rotman, An Introduction to the Theory of Groups, 4th ed.. Graduate Texts in Math- 
ematics, vol. 148. Springer- Verlag, New York, 1995. 

[Se80] J.-P. Serre, Trees, Springer- Verlag, Berlin-New York, 1980. 

University of California, Los Angeles, California, USA 
E-mail address: matthiasSmath.ucla.edu 

University of Warwick, Coventry, UK 
E-mail address: s.k.friedlSwarwick. ac.uk 



